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Algebraic theories in homotopy theory
By Bernard Badzioch
1. Introduction
It is well known in homotopy theory that given a loop space X one can
always find a simplicial group G weakly equivalent to X, such that the weak
equivalence can be realized by maps preserving multiplication. It is also known
that loop spaces are not the only class of spaces for which a statement of this
kind holds; for example, any A∞-space is weakly equivalent to a simplicial
monoid and every Eilenberg-Mac Lane space K(G,n) with G an abelian group
is equivalent to a simplicial abelian monoid. Results like this suggest that there
might be some general principle comparing homotopy structures on a space to
algebraic structures. Our aim in this paper is to show that there is, in fact,
such a principle. To make this precise we need a few definitions.
Definition 1.1. An algebraic theory T is a small category with objects
T0, T1, . . . together with, for each n, an expression of Tn as the categorical
product in T of n copies of the object T1. In particular T0 is the terminal
object in T. We assume that it is also the initial object.
Given an algebraic theory T, a strict T-algebra A is a product-preserving
functor A:T→ Spaces.
We will denote by AlgT the category of all strict T-algebras with natural
transformations of functors as morphisms. A strict T-algebra structure on a
space Y is a strict T-algebra A together with an isomorphism Y ∼= A(T1).
Algebraic theories appear naturally in the study of algebraic structures.
For example, let Gr be the category of groups and for n ≥ 0 let Fn denote
the free group generated by the set {1, . . . , n} (F0 is the trivial group). Define
T
op
Gr to be the full subcategory of Gr with objects F0, F1, . . . . Its opposite
category TGr is then an algebraic theory. To see this, observe that n inclusions
{1} →֒ {1, . . . , n} induce inclusions of groups F1 → Fn which express Fn as a
coproduct in TopGr of n copies of F1; it follows that in the opposite category
TGr the object Fn is the product of n copies of F1. Suppose that G is an
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arbitrary group. We can define a functor
AG:TGr −→ Spaces, Fn 7−→ HomGr(Fn, G).
It is clear that AG is product-preserving, and so AG is a strict TGr-
algebra. One can check that the converse is also true: any strict TGr-algebra
A defines a group structure on the space A(F1). This is not surprising, since
(by Yoneda’s lemma) the maps Fn → F1 in TGr correspond exactly to all
of the ways of taking n elements in a group and combining them with the
available operations to obtain a single element of the group. The composition
in TGr gives identities between composites of these multivariable operations.
A set which possesses such operations satisfying the appropriate identities is
exactly a group.
Lawvere [12] showed that strict algebras can be used in this way to de-
scribe a wide class of algebraic structures, including, besides groups, monoids,
nilpotent and solvable groups of any fixed class, rings, Lie algebras etc. As the
example above suggests, the existence of free objects is essential in order to
get such a description.
The language of algebraic theories proved to be equally convenient for
describing various homotopy invariant structures on spaces. However, in order
to allow for homotopy input one needs to relax the definition of a strict algebra.
Suppose that T is an algebraic theory with objects Tn, n ≥ 0. The expression
of Tn as a product of n copies of T1 gives projection maps
pnk : Tn −→ T1, 1 ≤ k ≤ n.
Definition 1.2. Suppose that T is an algebraic theory. A functor
X : T → Spaces is said to be a homotopy T-algebra if X preserves prod-
ucts up to weak equivalence, i.e., if X(T0) is weakly contractible and for each
n ≥ 1 the product map
n∏
k=1
X(pnk ):X(Tn)−−→X(T1)
n
is a weak equivalence.
A homotopy T-algebra structure on a space Y is a homotopy T-algebra
X together with a weak equivalence X(1) ≃ Y . We can now state our main
result which implies that it is always possible to pass from a homotopy T-
algebra structure on a space Y to a strict T-algebra structure on a space
weakly equivalent to Y .
Theorem 1.3. Let T be an algebraic theory. For any homotopy
T-algebra X there exists a weak equivalence X ≃ LX such that LX is a strict
T-algebra.
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We will actually prove a somewhat stronger statement (6.4) expressing
the relationship of homotopy and strict T-algebras as a Quillen equivalence of
model categories. In particular, the weak equivalence in the theorem above
respects the homotopy T-algebra structures on both objects involved.
Theorem 1.3 gives a rigidifying result for homotopy algebras, but the
following corollary shows that it is also of consequence for strict algebras.
Corollary 1.4. Let F :Spaces→ Spaces be a functor preserving weak
equivalences and preserving products up to weak equivalence. If Y is a space
with a strict T-algebra structure for some algebraic theory T then F (Y ) is
weakly equivalent to a space with a strict T-algebra structure.
Indeed, the assumptions on the functor F imply that for any strict
T-algebra A the composition F ◦A:T → Spaces is a homotopy T-algebra.
Therefore, the statement follows immediately from Theorem 1.3.
Examples of functors for which Corollary 1.4 holds include localization
functors [6] and Bousfield-Kan completion functors [5].
Note 1.5. Although we define an algebraic theory T as a discrete cate-
gory (1.1) all statements of this paper remain valid also if we assume that T is
a simplicial category (and thus strict, and homotopy T-algebras are simplicial
functors). The proofs in this case require at most minor changes.
Relationship to previous results. The notion of a homotopy algebra is
inspired by Γ-spaces of Segal [13]. We note however that the indexing category
Γop which Segal uses is not an algebraic theory, but falls into a more general
class of semi-theories:
Definition 1.6. A semi -theory C is a small category with objects C0, C1, . . .
and such that for every n ≥ 1 there is a fixed set of morphisms
pnk ∈ HomC(Cn, C1), 1 ≤ k ≤ n.
A functor X:C → Spaces is a homotopy (resp. strict) C-algebra if X(C0) is
weakly contractible (resp. X(C0) = ∗) and for n ≥ 1 the product map
n∏
k=1
X(pnk ):X(Cn)→ X(C1)
n
is a weak equivalence (resp. an isomorphism).
Segal proved that giving a homotopy Γop-algebra X amounts to providing
the space X(C1) with a structure of an infinite loop space up to group comple-
tion. Other examples of applications of homotopy algebras over semi-theories
include characterization of n-fold loop spaces [4] and generalized Eilenberg-Mac
Lane spaces [1].
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In the study of strict algebras the passage from algebraic theories to semi-
theories brings nothing new. In fact, for any semi-theory C one can find an
algebraic theory C¯ such that the categories of strict C- and C¯-algebras are
isomorphic. A result of this kind holds also for homotopy algebras, but in
that case the construction of an algebraic theory associated to a semi-theory
is more complicated [2]. It can be shown however, that many interesting ho-
motopy structures on spaces can be described directly as homotopy algebras
over an algebraic theory. For example, loop spaces can be characterized as ho-
motopy algebras over the theory TGr which we have already mentioned. Also,
A∞-spaces and generalized Eilenberg-Mac Lane spaces can be viewed as homo-
topy algebras over algebraic theories TM and TAbM such that the correspond-
ing strict algebras describe respectively monoids and abelian monoids. In each
of these cases Theorem 1.3 recovers the results mentioned at the beginning of
this paper.
Organization of the paper. In Section 2 we state some basic properties
of algebraic theories and strict algebras. Then, in Section 3, we recall two
standard model category structures defined on a category of functors with
values in Spaces. Section 4 contains some remarks on function complexes
in model categories. In Section 5 we put a model category structure on the
category of strict algebras. Also, we describe a model category expressing the
homotopy theory of homotopy T-algebras. Finally, in Section 6, Theorem 1.3
is restated in the language of model categories and proved in that form.
Notation 1.7. (i) This paper is written simplicially: by Spaces we denote
the category of simplicial sets. Consequently, by ‘space’ we always mean a
simplicial set.
(ii) We use extensively the language of model categories of Quillen. Our
main references for this subject are [10] and [9].
(iii) Given a category M we will denote by sM the category of simplicial
objects in M, that is, the category of functors ∆op → M. If M is a model
category then by the model category structure on sM we will always under-
stand Reedy model category structure [10, Ch. 16], where weak equivalences
are objectwise weak equivalences while fibrations and cofibrations are defined
using matching and latching objects.
(iv) If M is a simplicial model category then so is sM. In this case we
have the geometric realization functor
| − |: sM −→M
defined by the coequalizer diagram:
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φ:n→m
Xm ⊗∆[n] −−→−−→
∐
n
Xn ⊗∆[n] −−→ |X•|
for X• ∈ sM (see [9, VII.3]). If M = Spaces and so sM is the category of
bisimplicial sets then |X•| is just the diagonal of X•.
Acknowledgement. This paper is a version of my Ph.D. thesis completed
at the University of Notre Dame. I want to express my gratitude to my thesis
advisor W. G. Dwyer who generously shared with me his ideas and knowledge
during the time I was working on this project. In particular, he brought to
my attention localization of model categories which proved to be the crucial
tool used here. Also, his comments helped to improve the presentation of this
paper.
2. Algebraic theories
We start with a brief review of algebraic theories and their strict algebras.
For a detailed exposition we refer to [3, §3].
Let T be an algebraic theory and AlgT the category of strict T-algebras.
We have the forgetful functor
UT:AlgT → Spaces, UT(A) := A(T1).
It is in fact a half of an adjoint pair:
Proposition 2.1 ([14, 2.3]). The functor UT has a left adjoint FT:Spaces
→ AlgT. If Y ∈ Spaces then
FT(Y )(T1) =
∐
n≥0
HomT(Tn, T1)× Y
n/ ∼
where the identifications come from the set operations present in any algebraic
theory.
The functor FT will be called the free T-algebra functor.
Let SpacesT be the category of all simplicial functors T→ Spaces. We
will often identify the category AlgT with a full subcategory of Spaces
T.
Using this identification we get:
Proposition 2.2. The category AlgT is complete and the limits are
computed objectwise.
Proof. All limits in SpacesT exist and are computed objectwise, so it
is enough to notice that a limit of product-preserving functors also preserves
products.
Let JT:AlgT → Spaces
T denote the embedding of categories. Proposi-
tion 2.2 immediately implies:
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Corollary 2.3. The functor JT preserves limits.
The following fact shows thatAlgT is a reflective subcategory of Spaces
T.
Proposition 2.4. There exists a functor KT:Spaces
T → AlgT left
adjoint to JT.
Proof. We use the adjoint functor theorem [11, Thm. 2, p. 117]. By (2.2)
and (2.3) it is enough to check the solution set condition.
Let f :X → A be a morphism in SpacesT such that A ∈ AlgT. For n ≥ 0
let
fn:X(Tn)→ A(Tn)
denote the restriction of f to Tn. By (2.1) the map f1 has a left adjoint
g:FT(X(T1))→ A.
Define Mf to be the image of g:
Mf (Tn) := im (FT(X(T1))(Tn)
gn
−→A(Tn)).
Since g is a map of strict T-algebras we have gn = (g1)
n and it follows that
Mf is also a strict algebra. We claim that there exists a morphism f¯ :X →Mf
such that the following diagram commutes:
Mf
¯f
X f →A
֒
→→

Indeed, it is enough to show that for n ≥ 1 the image of fn is contained in
Mf (Tn). For n = 1 this follows directly from the definition of Mf . For n > 1,
since both A and Mf are strict T-algebras, we have
im(fn) ⊆ im(f1)
n
and
im(f1)
n ⊆ (Mf (T1))
n ∼=Mf (Tn).
Therefore im(fn) ⊆Mf (Tn) as claimed.
Let λ denote the cardinality of the set of simplices of the space
∐
nX(Tn)×
HomT(Tn, T1). Since FT(X(T1)) maps onto Mf , from the description of the
functor FT (2.1) we get that the cardinality of the set of simplices of Mf (T1)
cannot exceed λ. Hence the solution set for X can be chosen to consist of the
representatives of isomorphism classes of these strict T-algebras B for which
the set of simplices of B(T1) has cardinality not greater than λ.
The category SpacesT is cocomplete; therefore (2.4) implies:
Corollary 2.5. The category AlgT is cocomplete.
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Colimits in SpacesT are computed objectwise but this is not true in
general in AlgT. However one has the following:
Proposition 2.6 ([3, 3.4.2]). Filtered colimits in AlgT are computed
objectwise. In particular the inclusion functor JT:AlgT → Spaces
T preserves
filtered colimits.
In Section 6 we will need the following observation which is an easy con-
sequence of the adjointness of FT and UT.
Lemma 2.7. For 1 ≤ i ≤ m let [ni] = {1, . . . , ni} be a discrete simplicial
set and let
κ:
m∐
i=1
FT([ni])→ FT
(
m∐
i=1
[ni]
)
be the map in SpacesT induced by inclusions [ni]→
∐m
i=1[ni]. Then KT(κ) is
an isomorphism in AlgT.
Observe that if A is a strict algebra then KTA ∼= A. Therefore we get:
Corollary 2.8. If [ni] are simplicial sets as above, 1 ≤ i ≤ m, then
KT
(
m∐
i=1
FT([ni])
)
∼= FT
(
m∐
i=1
[ni]
)
.
Remark 2.9. For [n] = {1, . . . , n} we will denote the functor FT([n]) by
Fn. Notice that Fn can be described as a functor corepresented by Tn ∈ T:
Fn(Tm) = HomT(Tn, Tm).
Indeed, for every strict T-algebra A ∈ AlgT we have
HomAlgT(HomT(Tn,−), A)
∼= A(Tn) ∼= A(T1)
n ∼= HomSpaces([n], A(T1))
where the first isomorphism comes from Yoneda’s lemma [11, p.61]. But FT is
left adjoint to the forgetful functor UT (2.1), and so we have an isomorphism
HomSpaces([n], A(T1)) ∼= HomAlgT(Fn, A). It follows that HomT(Tn,−) must
be isomorphic to Fn.
3. Model category structures on categories of diagrams
We recall here two standard model category structures defined on a cat-
egory of diagrams of spaces. The model categories describing the homotopy
theories of strict and homotopy T-algebras (§5) will be derived from SpacesTfib.
The properties of SpacesTcof on the other hand will allow us to avoid the trouble
of working with homotopy function complexes (§4) as shown in (5.8).
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Let C be a small category and let SpacesC denote the category of all
functors C→ Spaces.
Notation 3.1. Let SpacesCfib and Spaces
C
cof denote the category Spaces
C
together with a choice of three classes of morphisms:
• SpacesCfib
– weak equivalences := objectwise weak equivalences
– fibrations := objectwise fibrations
– cofibrations := morphisms with the left lifting property with respect
to all fibrations which are weak equivalences
• SpacesCcof
– weak equivalences := objectwise weak equivalences
– cofibrations := objectwise cofibrations
– fibrations := morphisms with the right lifting property with respect
to all cofibrations which are weak equivalences
Theorem 3.2 ([9, IX 1.4, VIII 2.4]). Both SpacesCfib and Spaces
C
cof are
simplicial model categories. In each case the simplicial structure is given by
(X ⊗K)(c) = X(c) ×K
for any X ∈ SpacesC, c ∈ C and a simplicial set K.
Directly from (3.1) one gets that every object of SpacesCcof is cofibrant. In
the remainder of this section we describe a canonical construction of a cofibrant
replacement of a diagram of spaces with respect to SpacesCfib model category
structure.
For a category C as above let Cdisc denote the category with the same
objects as C and with no nonidentity morphisms. The following is readily
verified.
Proposition 3.3. The forgetful functor U :SpacesC → SpacesC
disc
has
a left adjoint F :SpacesC
disc
→ SpacesC given by
F (X) :=
∐
c∈C
Fc ⊗X(c)
where Fc ∈ Spaces
C is a functor such that Fc(d) := HomC(c, d).
Let η:Y → UFY and ε:FUX → X denote the unit and the counit of this
adjunction. As for any pair of adjoint functors the composition
FU :SpacesC → SpacesC
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defines a cotriple (comonad) [11, p.135] with the structure maps
ε:FUX → X and δ:FUX → (FU)2X
where δ = FηU .
Definition 3.4. For X ∈ SpacesC the standard simplicial resolution of
X is a simplicial object FU•X ∈ sSpaces
C which in the dimension k consists
of a diagram FUkX := (FU)
k+1X. Face and degeneracy operators of FU•X
are given by
(FUkX
di−→FUk−1X) :=
(
(FU)k+1X
(FU)iε(FU)k−i
−−−−−−−−−→(FU)kX
)
and
(FUkX
si−→FUk+1X) :=
(
(FU)k+1X
(FU)iδ(FU)k−i
−−−−−−−−−→(FU)k+2X
)
.
If we regard X as a constant simplicial object we can define a simplicial
map ϕ:FU•X → X
(FUkX
ϕk−→X) := ((FU)k+1X
εk+1
−−→X).
Let |ϕ|: |FU•X| → X be the geometric realization of ϕ (1.7) taken with respect
to the simplicial structure as in (3.2).
Proposition 3.5. The map |ϕ| is a weak equivalence.
Proof. If Y• is a simplicial object in Spaces
C then its realization can be
computed objectwise: |Y•|(c) = |Y•(c)| where the space on the left-hand side
is the realization (diagonal) of the bisimplicial set Y•(c). Therefore, it suffices
to show that |ϕc|: |FU•X(c)| → |X(c)| is a weak equivalence of spaces for all
c ∈ C. One can check that the realization of the map φc:X(c) → FUX(c)
given by
(X(c)
φc
k−→FUkX(c)) := (X(c)
ηk+1
−−→(FU)k+1X(c))
is a homotopy inverse for |ϕc|.
We claim that |FU•X| is a cofibrant replacement for X. In view of (3.5)
it remains to show that |FU•X| is a cofibrant object of Spaces
C
fib.
Proposition 3.6. For every X ∈ SpacesC the resolution FU•X is a
Reedy cofibrant object in sSpacesCfib.
Proof. Let ∆op+ denote the subcategory of ∆
op generated by all degener-
acy maps si and positive face maps dj , j > 0. The category ∆
op
+ is a Reedy
category [10, 16.1.2] with the direct subcategory of ∆op+ generated by degener-
acy maps and the inverse subcategory generated by positive face maps. For a
model category M define s+M to be the category of functors ∆
op
+ →M with
the Reedy model category structure.
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The embedding of categories ∆op+ →֒∆
op defines a functor r: sM→ s+M.
Since all degeneracy maps of ∆op are contained in ∆op+ we get that X• ∈ sM
is cofibrant if and only if r(X) is cofibrant in s+M. Take M = Spaces
C
fib. To
prove the statement of the proposition it is then enough to show that r(FU•X)
is a cofibrant object in s+Spaces
C
fib.
Since the category SpacesC
disc
is isomorphic to the product
∏
c∈C Spaces
it is a model category with weak equivalences, fibrations and cofibrations de-
fined to be objectwise weak equivalences, fibrations and cofibrations. The ad-
joint pair of functors (F,U) becomes then a Quillen pair between SpacesC
disc
and SpacesCfib. It follows that the induced functors
F : s+Spaces
Cdisc −−→←−− s+Spaces
C
fib:U
also form a Quillen pair with respect to Reedy model category structures
[10, 16.11.1]. From Definition 3.4 we see that the object r(FU•X) is in the im-
age of the functor F , hence it suffices to show that every object of s+Spaces
Cdisc
is cofibrant. This is however an immediate consequence of the fact that every
object of s+Spaces is Reedy cofibrant. The proof of this last statement is the
same as the proof that every object is cofibrant in the Reedy model category
structure on sSpaces – the category of bisimplicial sets (see [10, 16.7.8]).
Geometric realization of a Reedy cofibrant object is cofibrant [9, VII 3.6],
hence (3.6) implies
Corollary 3.7. The diagram |FU•X| is a cofibrant object of Spaces
C
fib.
4. Function complexes
In Section 5 we will introduce a model category for homotopy T-algebras.
In preparation for that we recall here some properties of function complexes
in model categories.
Let M be a simplicial model category and let HoM denote its homo-
topy category. In [7] Dwyer and Kan showed that for any X,Y ∈ M the
set of morphisms HomHoM(X,Y ) can be replaced by a richer structure of a
homotopy function complex, that is a simplicial set RMapM(X,Y ) such that
π0RMapM (X,Y )
∼= HomHoM(X,Y ). Moreover the following holds:
(i) RMapM (X,Y ) preserves weak equivalences: if X ≃ X
′ and Y ≃ Y ′ then
RMapM(X,Y ) ≃ RMapM(X
′, Y ′).
(ii) The homotopy type of RMapM(X,Y ) depends only on the class of weak
equivalences of M: if M′ is a model category with the same underly-
ing category as M and with the same class of weak equivalences then
RMapM(X,Y )
∼= RMapM′(X,Y ) for all X,Y in M.
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(iii) A morphism f :X → X ′ is a weak equivalence if and only if the induced
map f∗: RMapM(X
′, Y ) → RMapM(X,Y ) is a weak equivalence of sim-
plicial sets for all Y ∈M.
(iv) If M is a simplicial model category, X is cofibrant and Y is fibrant then
RMapM(X,Y ) is weakly equivalent to the simplicial set MapM(X,Y )
where MapM(X,Y )k = HomM(X ⊗∆[k], Y ). We will call MapM(X,Y )
the simplicial function complex of X and Y .
Note 4.1. As a consequence of (ii) we do not need to distinguish between
homotopy function complexes taken with respect to SpacesCfib and Spaces
C
cof
model category structures. Hence from now on RMap(−,−) will stand for a
homotopy function complex in any of these model categories. Similarly, since
simplicial function complexes (see (iv)) are defined using only the simplicial
structure of a model category, they are the same in SpacesCfib and Spaces
C
cof .
We will denote them by Map(−,−).
In Section 6 we will refer to the following property of simplicial function
complexes.
Proposition 4.2. Let M be a simplicial model category and let Y ∈M
be a fibrant object. Assume that f :X• → X
′
• is a map of Reedy cofibrant objects
in sM such that
f∗n:MapM(Xn
′, Y )−→MapM(Xn, Y )
is a weak equivalence for all n ≥ 0. Then the geometric realization of the map
f induces a weak equivalence
|f |∗:MapM(|X
′
•|, Y )
≃
−→MapM(|X•|, Y ).
Proof. We have a commutative diagram
MapM(|X
′
•|, Y )
|f |∗
MapM(|X•|, Y )
Φ∗
X′ Φ∗X
MapM(hocolim∆opX
′
•, Y )
f∗
MapM(hocolim∆opX•, Y )
ΨX′ ∼= ΨX
∼
=
holim∆MapM(X
′
•, Y )
f∗
holim∆MapM(X•, Y )
↓
↓ ↓
↓
↓
↓
↓
The map Φ∗X is induced by the Bousfield-Kan map ΦX : hocolim∆opX• → |X•|
[10, 19.6.3] (and similarly for Φ∗X′), while ΨX and ΨX′ are the isomorphisms of
simplicial sets described in [10, 19.1.12]. Since X• and X
′
• are Reedy cofibrant
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it follows from [10, 19.6.4] that ΦX and ΦX′ are weak equivalences and so are
the maps they induce on simplicial function complexes. Fibrancy of Y implies
on the other hand, that Map(−, Y ) is always a Kan complex. Therefore, by our
assumption on f the bottom map f∗ is a weak equivalence (see [10, 19.4.3]),
and hence so is the top map.
Note 4.3. Suppose than in Proposition 4.2 we have M = SpacesCcof
(3.1). Then the assumption that X• and X
′
• are Reedy cofibrant is always
satisfied. Indeed, since cofibrations in SpacesCcof are defined objectwise, X• ∈
sSpacesCcof is Reedy cofibrant if and only if X•(c) is a cofibrant bisimplicial set
for all c ∈ C. This last condition however always holds since all bisimplicial sets
are cofibrant in the Reedy model category structure on sSpaces [10, 16.7.8].
5. Model category for homotopy T-algebras
Let T be an algebraic theory. Recall that by (2.4) there is an adjoint pair
of functors
KT:Spaces
T −−→←−− AlgT:JT
where JT is the inclusion onto a subcategory. This adjunction can be used to
put a model category structure on AlgT:
Theorem 5.1 ([14, 3.1]). The category AlgT is a model category with
weak equivalences and fibrations defined as objectwise weak equivalences and
fibrations. Then the adjoint pair (KT, JT) becomes a Quillen pair between
SpacesTfib and AlgT.
Our main goal in this section is to construct a model category LSpacesT
which reflects the homotopy theory of homotopy T-algebras.
Recall (2.9) that for each n ≥ 0 there is a functor Fn ∈ Spaces
T given by
Fn(Tm) := HomT(Tn, Tm) (in fact, since Tm ∼= T
m
1 we get that Fn ∈ AlgT).
For n ≥ 1 the projections pnk induce maps pn:
∐
n F1 → Fn. We define also
p0:
∐
0 F1 → F0 to be the unique map from the diagram of empty spaces to
F0 (alternatively, the morphism pn can be described as the map induced by
inclusions of sets [1] →֒ [n] as in Lemma 2.7). Let S := {p0, p1, . . .}.
Definition 5.2. An object Z ∈ SpacesTfib is S-local if it is fibrant and if
for each n ≥ 0 the map of homotopy function complexes
p∗n: RMap(Fn, Z)→ RMap(
∐
n
F1, Z)
is a weak equivalence.
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A morphism f :X → Y in SpacesTfib is an S-local equivalence if the induced
map
f∗: RMap(Y,Z)→ RMap(X,Z)
is a weak equivalence for every S-local object Z.
Note 5.3. Since both
∐
n F1 and Fn are cofibrant and Z is fibrant in
SpacesTfib the map p
∗
n in the definition of S-local objects above can be replaced
by the map of simplicial function complexes (§4(iv)):
p∗n:Map(Fn, Z)→ Map
(∐
n
F1, Z
)
.
Proposition 5.4. Let LSpacesT denote the category SpacesT with
three distinguished classes of morphisms:
– weak equivalences := S-local equivalences
– cofibrations := cofibrations in SpacesTfib
– fibrations := maps with the right lifting property with respect to all cofi-
brations which are weak equivalences
Then LSpacesT is a simplicial model category with the same simplicial struc-
ture as SpacesTfib (3.2).
Proof. This is a consequence of a general result [10, 4.1.1] which proves the
existence of left Bousfield localizations for a broad class of model categories.
The category SpacesTfib satisfies the assumptions of that theorem by [10, 4.1.4]
and [10, 4.1.5] and the model category structure on LSpacesT is obtained by
localizing SpacesTfib with respect to the set S.
Within the model category LSpacesT, homotopy T-algebras can be char-
acterized as follows:
Proposition 5.5. An object Z ∈ LSpacesT is fibrant if and only if it
is a homotopy T-algebra, fibrant as an object of SpacesTfib.
Proof. By [10, 3.5.1] fibrant objects of LSpacesT are exactly the S-local
objects. Therefore, for any fibrant Z ∈ LSpacesT the maps p∗n as in (5.3) are
weak equivalences. But for every n ≥ 0 we have Map(
∐
n F1, Z)
∼=
∏
n Z(T1)
and Map(Fn, Z) ∼= Z(Tn). It follows that Z is a homotopy T-algebra. The
proof of the other implication is similar.
The next proposition is a consequence of (5.5) and [10, 3.3.12].
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Proposition 5.6. If Z,Z ′ ∈ SpacesT are homotopy T-algebras and
f :Z → Z ′ is an S-local weak equivalence then f is a weak equivalence in
SpacesTfib (i.e. an objectwise weak equivalence).
Proposition 5.5 says that the homotopy category of LSpacesT is equiva-
lent to the category of homotopy T-algebras with inverted S-local equivalences.
From (5.6) we see however that it amounts to inverting objectwise weak equiv-
alences. As a consequence we get:
Corollary 5.7. The homotopy theory of homotopy T-algebras (with ob-
jectwise weak equivalences) is equivalent to the homotopy category of LSpacesT.
The definition of S-local equivalences we gave above (5.2) involves maps
defined on homotopy function complexes RMap(−, Z). In practice it is more
convenient to work with simplicial function complexes Map(−, Z). Since we as-
sume that Z is fibrant in SpacesTfib we get RMap(X,Z) ≃ Map(X,Z) whenever
X ∈ SpacesTfib is a cofibrant object. However, the property that f :X → X
′
is an S-local equivalence can be expressed in terms of simplicial function com-
plexes even when X or X ′ is not cofibrant.
Proposition 5.8. A map f :X → X ′ is an S-local equivalence if and
only if for any homotopy T-algebra Z¯ fibrant in SpacesTcof the induced map
f∗:Map(X ′, Z¯)→ Map(X, Z¯)
is a weak equivalence of simplicial sets.
Proof. Assume that f is an S-local equivalence. Since fibrant objects of
SpacesTcof are also fibrant in Spaces
T
fib the map f induces a weak equivalence
on RMap(−, Z¯) for any Z¯ as above. Moreover, all objects of SpacesTcof are
cofibrant; hence we have RMap(Y, Z¯) ≃ Map(Y, Z¯) for any Y ∈ SpacesTcof . It
follows that the map f∗:Map(X ′, Z¯) → Map(X ′, Z¯) must be a weak equiva-
lence.
Conversely, assume that f induces a weak equivalence on Map(−, Z¯) for
all homotopy T-algebras Z¯, fibrant in SpacesTcof . Let Z be any homotopy
T-algebra and let Z
≃
−→Z¯ denote a fibrant replacement of Z in SpacesTcof .
Then RMap(−, Z) ≃ RMap(−, Z¯) ≃ Map(−, Z¯), and so f∗: RMap(X ′, Z) →
RMap(X,Z) is a weak equivalence. Therefore f is an S-local equivalence.
6. Strict and homotopy T-algebras
We begin by proving some properties of the adjunction (JT,KT) (see
(2.4)). Let A• be a simplicial object in AlgT. Abusing notation, by |A•|
we will always denote the geometric realization of A• with respect to the
simplicial structure in SpacesTfib (3.2), that is, the geometric realization of
JTA• ∈ Spaces
T
fib.
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Lemma 6.1. If A• ∈ sAlgT then |A•| ∈ AlgT.
Proof. We need to show that |A•|(T0) ∼= ∗ and that for n > 0 the pro-
jection maps pnk :Tn → T1 induce isomorphisms |A•|(Tn)
∼= (|A•|(T1))
n. As we
have already noted in the proof of (3.5) the realization of A• can be computed
objectwise:
|A•|(Tn) ∼= |A•(Tn)|
where |A•(Tn)| is the diagonal of the bisimplicial set A•(Tn). Since Am(T0) = ∗
for all m, we have |A•(T0)| = ∗. Moreover, since A• ∈ sAlgT, the projec-
tion maps induce isomorphisms of bisimplicial sets A•(Tn)
∼=
−→(A•(T1))
n for
n > 0. Since the diagonal of a bisimplicial set commutes with products we get
|A•(Tn)| ∼= |A•(T1)|
n, and it follows that |A•| is a strict T-algebra.
Lemma 6.2. If X• is a simplicial object in Spaces
T
fib then KT|X•|
∼=
|KTX•|.
Proof. By (6.1), |KTX•| is an object of AlgT. Let η•:X• → KTX•
(= JTKTX•) be the unit of the adjunction (KT, JT). By properties of adjunc-
tion there exists a map θ:KT|X•| → |KTX•| such that the following diagram
commutes:
|X•|
η|X•| |η•|
KT|X•| →θ |KTX•|
→ →
The map η|X•| above is the unit of adjunction for |X•|. It is enough to
prove that |η•|
∗: Hom(|KTX•|, A) → Hom(|X•|, A) is an isomorphism for all
A ∈ AlgT. Indeed, by properties of adjunction η
∗
|X•|
: Hom(KT|X•|, A) →
Hom(|X•|, A) is an isomorphism for any A, so it will follow that the map
θ∗: Hom(KT|X•|, A) → Hom(|KTX•|, A) must be an isomorphism for all A ∈
AlgT, and hence θ is an isomorphism. For a cosimplicial space Y• let Tot(Y•)
denote the realization of Y• [9, VIII.1 p.390]. We have an isomorphism
Hom(|X•|, A) ∼= Tot(Hom(X•, A))0.
Therefore, it suffices to show that the realization of the map of cosimplicial
spaces η∗• : Hom(KTX•, A)→ Hom(X•, A) is an isomorphism. But this follows
from the fact that ηn: Hom(KTXn, A) → Hom(Xn, A) is an isomorphism for
any strict T-algebra A and for any n ≥ 0.
Next, recall that the adjunction (KT, JT) is a Quillen pair between
SpacesTfib and AlgT (5.1). The following fact shows that this property does
not change if we replace the model category structure on SpacesT by the
S-local structure.
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Proposition 6.3. The adjoint functors (KT, JT) form a Quillen pair
between the categories LSpacesT and AlgT.
Proof. Let pn:
∐
n F1 → Fn be the map given in Section 5. The model
category LSpacesT is obtained by localizing SpacesTfib with respect to all
maps pn. Thus the above statement follows from the observation that by (2.7)
KT(pn) is an isomorphism in AlgT and from [10, 3.4.20].
Since LSpacesT can serve as a model category for the homotopy theory
of homotopy T-algebras (5.7), out main Theorem 1.3 can be now restated as
follows.
Theorem 6.4. The Quillen pair of functors
KT:LSpaces
T −−→←−− AlgT:JT
is a Quillen equivalence.
This is in turn a consequence of the following:
Lemma 6.5. Let ηX :X → KT(X) (= JTKT(X)) denote the unit of the
adjunction (KT, JT). Then for every cofibrant object X ∈ LSpaces
T the map
ηX is an S-local equivalence.
Proof of Theorem 6.4 assuming the lemma. We need to show that if X
is a cofibrant object in LSpacesT, A is fibrant in AlgT and f :X → A is a
map in LSpacesT, then f is an S-local equivalence if and only if its adjoint
f ♭:KTX → A is a weak equivalence in AlgT (that is, an objectwise weak
equivalence). Let f be a map as above. We have a commutative diagram
X →
ηX
≃S KTX
f
↓
f♭
A
→
where ηX is an S-local equivalence by Lemma 6.5. If we assume that f is an
S-local equivalence, then so must be f ♭. But f ♭ is a map of strict T-algebras,
so (5.6) implies that it is an objectwise weak equivalence. Conversely, if f ♭ is a
weak equivalence inAlgT, then it is also an S-local equivalence, and f = f ◦ηX
is an S-local equivalence as well.
Proof of Lemma 6.5. By (5.8) it suffices to show that for every homotopy
T-algebra Z fibrant in SpacesTcof and for every cofibrant X ∈ Spaces
T
fib the
map ηX :X → KTX induces a weak equivalence of simplicial function com-
plexes
η∗X :Map(KTX,Z)→ Map(X,Z).
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The proof is split into a few steps.
1) X =
∐m
i=1 Fni . Recall that by (2.8) we have KT(
∐m
i=1 Fni) ≃ FΣni . For
any Z ∈ SpacesTcof ,
Map
(
m∐
i=1
Fni , Z
)
∼=
m∏
i=1
Map(Fni , Z)
∼=
m∏
i=1
Z (Tni)
and
Map(FΣni , Z)
∼= Z(TΣni).
Moreover, if Z is a homotopyT-algebra then Z(TΣni) ≃ Z(T1)
Σni ≃
∏m
i=1 Z(Tni).
One can check that the above weak equivalence is in fact induced by the map
ηX (notice that in this case ηX = κ where κ is the map as in (2.7)).
2) X =
∐
i∈I Fni – possibly infinite disjoint union of free strict T-algebras.
Let PI denote the category of all finite subsets of I with inclusions of sets as
morphisms. Define a functor
X˜:PI → LSpaces
T, X˜(A) :=
∐
i∈A
Fni .
Then colim X˜ = X and colim JTKTX˜ = KTX. The second equality follows
from the fact that JT commutes with filtered colimits (2.6) and KT as a left
adjoint functor preserves all colimits. The map ηX is then a colimit of maps
η
X˜(A)
: X˜(A)→ KTX˜(A). For every A ∈ PI the diagram X˜(A) is of the form
in step 1, so that the map induced by η
X˜(A)
on simplicial function complexes
Map(−, Z) is a weak equivalence. It follows that hocolim η
X˜
also induces a
weak equivalence
hocolim η∗
X˜
:Map(hocolim JTKTX˜, Z)
≃
−−→Map(hocolim X˜, Z).
Therefore it is enough to show that colim X˜ ≃ hocolim X˜ and colim JTKTX˜ ≃
hocolim JTKTX˜ . By the definition of homotopy colimits [10, 19.1.2] and since
the simplicial structure on SpacesTcof is defined objectwise,
(hocolim X˜)(Tn) ∼= hocolim X˜(Tn).
But PI is a filtered category and by [5, 3.5, p.331] ordinary and homotopy col-
imits over filtered categories coincide, so that (hocolim X˜)(Tn) ≃ (colim X˜)(Tn).
Hence hocolim X˜ ≃ colim X˜ . Similarly hocolim JTKTX˜ ≃ colim JTKTX˜ .
3) X =
∐
i∈I Fni ⊗ Ki (Ki - simplicial set). Let X• denote a simpli-
cial object in SpacesTcof such that Xk :=
∐
i∈I
∐
σ∈(Ki)k
Fni . Then [9, VII
3.7] |X•| ∼= X. Also by (6.2) we see that |KTX•| ∼= KTX. Since for all
k ≥ 0 the diagram Xk is of the form considered in step 2, ηXk must be an
S-local equivalence. Therefore, by (4.2) and (4.3) the map ηX also is an S-local
equivalence.
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4) X = |FU•Y | (see 3.4) where Y is any object of Spaces
T
cof . Since FUkY
is of the form in step 3 for any k ≥ 0, we can use (6.2) and (4.2) as above to
show that ηX must be an S-local equivalence.
5) Let X be an arbitrary diagram cofibrant in SpacesTfib. Recall (3.5)
that we have a weak equivalence |ϕ|: |FU•X| → X. Consider the commutative
diagram
|FU•X|
≃Sη|FU•X|
X
↓
|ϕ|
≃
↓
ηX
KT|FU•X| →
KT|ϕ|
KTX
→
The map η|FU•X| is an S-local equivalence by step 4, so that it suffices to show
that KT|ϕ| is an S-local equivalence. The functor KT:LSpaces
T → AlgT
is a left adjoint in a Quillen pair, and so it preserves all acyclic cofibrations
between cofibrant objects. Therefore, by K. Brown’s lemma [8, 9.9] it preserves
all weak equivalences between cofibrant objects. Since |ϕ| is a weak equivalence
in LSpacesT and both X and |FU•X| are cofibrant we get that KT|ϕ| is a
weak equivalence.
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